Sensing and Imaging (2021) 22:36
https://doi.org/10.1007/511220-021-00359-x

ORIGINAL PAPER

™

Check for
updates

Temperature and Relative Humidity Dependence of Quality
Factors of MEMS Cantilever Resonators in Atmospheric
Pressure

Quoc Cuong Le' - Minh Truong Phan? - Xuan Thang Trinh? - Huu Ly Truong®-
Vo Ke Thanh Ngo3 - Chi Cuong Nguyen3

Received: 4 March 2021/ Revised: 11 July 2021 / Accepted: 3 August 2021
©The Author(s), under exclusive licence to Springer Science+Business Media, LLC, part of Springer Nature
2021

Abstract

In this study, the effects of temperature (7)) and relative humidity (RH) of moist air
are discussed on the quality factors (Q-factor) of micro-electro-mechanical-system
(MEMS) cantilever resonators in atmospheric pressure (p =101,325 Pa). The domi-
nant squeeze film damping (SFD) of MEMS cantilever resonators is studied by solv-
ing the modified molecular gas lubrication (MMGL) equation. Dynamic viscosity
and Poiseuille flow rate of moist air are utilized to modify the MMGL equation as
functions of temperature and relative humidity for wide range of accommodation
coefficients (ACs). In atmospheric pressure, dynamic viscosity changes more signif-
icantly with temperature and relative humidity than that of Poiseuille flow rate. The
dominant thermoelastic damping (TED) and support loss are also included to obtain
the Q-factor in wide range of cantilever sizes (length, width, and thickness). Thus,
dependence of Q-factors of MEMS cantilever resonators on temperature and rela-
tive humidity is discussed for wide range of ACs and cantilever sizes in atmospheric
pressure. The results show that Q-factor could be increase at higher temperature and
relative humidity or lower ACs. Dependence of Q-factor on temperature and relative
humidity enhances considerably in greater length, greater width, and smaller thick-
ness of cantilever. Maximum Q-factors with temperature and relative humidity can
be obtained for wide range of ACs and cantilever sizes in atmospheric pressure.
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AFM Atomic force microscope
d Diameter of cross section of gas molecule
D Inverse Knudsen number
D, Cantilever flexural rigidity
E Young’s modulus

f Enhancement factor

FEM Finite element method

hy Gas film spacing

i Complex number

K, Knudsen number

L, Cantilever length

MEMS  Micro-electro-mechanical-systems
MMGL  Modified molecular gas lubrication

n, Number of moles of dry air

n, Number of moles of water vapor
N, Avogadro’s number

p Total atmospheric pressure

Do Reference pressure of gas

D Saturation pressure of water vapor
Dy Partial pressure of water vapor
QO-factor Quality factor

Op Poiseuille flow rate

Op Poiseuille flow rate for gas rarefied flow
OQuup Quality factor of support loss
Osrp Quality factor of SFD

Qioral Total quality factor

Orep Quality factor of TED

R Gas constant

RH Relative humidity

sup Support loss

SFD Squeeze film damping

t Time

T Temperature

T, Reference temperature

TED Thermoelastic damping

T, Cantilever thickness

Ty, pmax Cantilever thickness at maximum Q,,,,
wo Transverse displacement

w, Cantilever width

X, Molar fraction of saturated water vapor
X, Mole fraction of water vapor

u Dynamic viscosity

U, Viscosity of dry air

u, Viscosity of water vapor

A Mean free path of gas

Ao Reference mean free path of gas
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A Eigen-value

) Damping factor

Osrp Damping factor of SFD

@ Resonant frequency

v Poisson’s ratio

a Surface accommodation coefficient
p Gas density

P Material density

1 Introduction

Micro-cantilever, which is the most important structure of micro-electro-mechanical
systems (MEMS) resonators, is successfully utilized in various MEMS sensor and
transducer versatile applications such as Atomic Force Microscopes (AFM) tips and
probes [1, 2] (e.g. topography, profile of surface), physical sensors (e.g. force, pres-
sure, temperature, mass) [3, 4], chemical sensors (e.g. gases, chemical components)
[5-7], bio-sensors (e.g. virus particles, bacterial, protein, molecule, DNA) [8-10],
environmental monitoring (e.g. temperature, humidity) used in both gaseous and lig-
uid states [11, 12]. The major advantages of such cantilever resonators are small
size, low power consumption, extremely high sensitivity and selectivity. However,
for environmental monitoring applications, the dynamic performance of micro-
cantilever resonators is highly depended on the effects of temperature and humidity
because high viscous damping of moist air in atmospheric pressure.

In MEMS resonators, the resonant frequency and the quality factor (Q-factor) are
important outcomes for dynamic characteristics of cantilever resonators. The Q-fac-
tor is physically defined as ratio of the stored energy to its energy loss per cycle
of oscillation for a resonator. High Q-factor of resonator results in high frequency
stability and high sensitivity of sensing systems. An advantage of MEMS cantilever
resonators is that it can operate in various environments such as vacuum, gas, and
liquid. In liquid environments, low Q-factor for cantilever resonators is introduced
because the vibration of cantilever is strongly resisted by high fluid viscous damp-
ing [13-15]. Namely, the density and viscosity of the fluids highly influenced on
the cantilever’s dynamic behavior in liquid environments [16, 17]. Therefore, Q-fac-
tor of cantilever resonators, which is very low such as Q-factor~1 in pure water
[18] and enhances in aqueous solution [19-21], is not exceeded 35 for transverse
vibration [22, 23]. In air environment, the Q-factor is enhanced in many orders of
magnitude by using of cantilevers in low viscous air damping. In MEMS cantilever
resonators, the external squeeze film damping (SFD), which is a dominant damping
source appeared as the gas flow squeezed in small gas spacing due to the normal
motion process of vibrational structure and stationary substrate [24-28]. The inter-
nal structure damping sources such as the thermoelastic damping (TED) (loss into
the structure) [29-32] and the support loss (loss into the substrate) [33, 34] are the
other dominant damping mechanisms of MEMS resonators. However, the effects of
temperature and humidity are main problem in air environment because cantilever
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dynamics are strongly influenced by the SFD. Namely, dynamic viscosity () [35]
of moist air changes significantly as functions of temperature and relative humidity
in atmospheric pressure. Therefore, the effects of temperature and relative humid-
ity of moist air must be carefully considered as main effects on dynamic perfor-
mance of MEMS cantilever resonators. In literature review, many studies [36—38]
have investigated the effect of temperature on the Q-factors of MEMS resonators
under the SFD problem in atmospheric pressure. The obtained results highlighted
that the Q-factor is low and strongly depended on the effect of temperature in atmos-
pheric pressure. To improve Q-factor of resonators due to the SFD, an atmospheric
pressure (p=101,325 Pa) is introduced in a small gas film spacing condition. Then,
the Poiseuille flow rate (Qp) of a gas flow occurs in a small gas film spacing (h)
between a micro-cantilever and a substrate. To model the SFD problem, the expres-
sions of Poiseuille flow rate (Qp) [39—43] have been derived by solving the line-
arized Boltzmann equation (BGK model) for analysis of MEMS devices in wide
range of inverse Knudsen number (0.01 < D < 100) and accommodation coeffi-
cients, ACs (0.1 < a;,a, < 1.0) conditions. The accommodation coefficients, ACs
(0.1 £ a;,a, £ 1.0), which are the average tangential momentum exchange of the
collision of gas molecules and solid surfaces, vary from 0.1 to 1.0 depending on how
incident molecules scatter on solid surfaces (e.g. diffuse manners (a;, a,=0.1) or
specular manners («;, a,=1.0)), different materials and surface conditions (e.g. ACs
(a;,2,=0.7) for polished sapphire surface or ACs (a;, a,=0.2) for gold surface)
[44, 45]. Generally, Q) is significantly changed with temperature and ACs (a, a,) in
atmospheric pressure. To consider the effects of temperature and relative humidity,
the dynamic viscosity (y) and the Poiseuille flow rate (Qp) are used to modify the
modified molecular gas lubrication (MMGL) equation for solving the SFD problem
as functions of temperature and relative humidity of moist air in atmospheric pres-
sure. Therefore, the influence of temperature and relative humidity can be carefully
considered to improve the Q-factor of resonators in atmospheric pressure over wide
range of ACs (0.1 < a;,a, < 1.0). Few studies [46, 47] have discussed the effects
of temperature and humidity on the Q-factor of lateral rotary micro-resonators in
atmospheric pressure. Recently, the influence of temperature and humidity has
experimentally been found as strong effects on the Q-factor of MEMS paddle reso-
nators with proof mass in air environment [48]. Also, the effects of temperature and
humidity have simultaneously been discussed on the frequency response of double-
clamped micro-beam and cantilever resonators with the proof mass in atmospheric
pressure [49]. Moreover, the effects of temperature and relative humidity on the
Q-factors of MEMS cantilever resonators in wide range of ACs (0.1 < a;,a, < 1.0)
have not been discussed yet in atmospheric pressure.

In the previous work, the Q-factors of MEMS resonators are obtained by solving
the MMGL equation, the transverse vibration equation of micro-cantilever, and their
boundary conditions simultaneously in the eigenvalue problem [50]. The Poiseuille
flow rate (Qp(D, a;, @,)) is used to discuss the gas rarefaction effect in wide range
of D (0.01 <D <100) and ACs (0.1 £ @, a, < 1.0). Then, the effects of gas rar-
efaction [50], surface roughness [51], temperature [52], and relative humidity [53]
are separately discussed on the Q-factors of MEMS resonators in gas rarefaction.
Recently, the effect of enviromental conditions on the Q-factors of MEMS resonators
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is only discussed in gas rarefaction [54]. However, the effects of temperature and
humidity are not discussed to improve the Q-factors of MEMS cantilever resona-
tor in atmospheric pressure. Based on the previous works, the MMGL equation is
modified with dynamic viscosity (u(RH, T)) [35] and Poiseuille flow rate (Qp(T,
ACs(a;, ay))) [41] of moist air changed as functions of temperature (7) and relative
humidity (RH) for wide range of ACs (0.1 < a;, a, < 1.0) in atmospheric pressure.
Then, influence of temperature and relative humidity is discussed on the Q-factors
of MEMS cantilever resonators for wide range of ACs (a,, a,), and sizes of micro-
cantilever in atmospheric pressure. The research objective is to develop a model to
discuss the effects of temperature (7) and relative humidity (RH) to improve the
Q-factors of MEMS resonators operating for wide range of ACs (0.1 < a,a, < 1.0)
in atmospheric pressure. The obtained results can be utilized to design the higher
Q-factor of MEMS temperature and humidity sensors for the environment monitor-
ing applications based on the cantilever structure operating in atmospheric pressure.

This paper is structured as follows: the introduction section explains the ideal,
theoretical background, and literature review for investigating the temperature
and relative humidity dependence of Q-factors of MEMS cantilever resonators for
wide range of ACs (0.1 < a;,a, < 1.0) in atmospheric pressure. Section 2 shows
how to obtain the Q-factor of SFD problem (Qgj) by solving the MMGL equa-
tion (which is modified by dynamic viscosity, u (RH, T) and Poiseuille flow rate,
QOp(T, ACs(ay,a,)) as functions of temperature and relative humidity in atmospheric
pressure), the linear equation of motion for transverse vibration of micro-cantilever,
and their appropriate boundary conditions in the eigen-value problem. The Q-factors
of TED and support loss problems are accurately included to obtain total Q-factor
(O, 1n wide range of cantilever sizes (length, width, and thickness). Section 3
shows the results and discussion for the significant effects of temperature and rela-
tive humidity on the dynamic viscosity (u), the Poiseuille flow rate (Qp), and the
O-factors (Qgrp, Qypa) of MEMS cantilever resonators over wide range of ACs
(ay,,) and cantilever size (length, width, and thickness) in atmospheric pressure. In
Sect. 4, the conclusions give the final scientific outcomes of the research topic.

2 Governing Equation

In this section, the SFD problem of MEMS cantilever resonators is modeled with
the MMGL equation (that involves the environmental effects of temperature and
relative humidity on the SFD in atmospheric pressure) for pressure variation and
the equation of motion of cantilever for structural displacement. Then, the Q-factor
for the SFD problem of MEMS cantilever resonator is obtained in atmospheric pres-
sure. The dynamic viscosity (u(RH, T)) and Poiseuille flow rate (Qp(T, ACs(a;,a,)),
which expressed as functions of temperature and relative humidity in wide range
of ACs (0.1 £ ay,a, < 1.0), are used to modify the MMGL equation to discuss the
environmental effects of temperature and relative humidity in atmospheric pressure.
The internal damping (thermoelastic damping and support loss), which is dominant
damping source of MEMS cantilever resonator, is taken into account to calculate the
total Q-factor of MEMS cantilever resonators. Thus, the temperature and relative
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humidity dependence of the Q-factors of MEMS cantilever resonators is discussed
in atmospheric pressure.

2.1 The MMGL Equation for the SFD Problem of MEMS Cantilever Resonators

A new modeling approach of the effects of temperature and humidity on MEMS
devices is presented in small gas film spacing (h,) and atmospheric pressure
(p=101,325 Pa). In atmospheric pressure, the transverse motion of cantilever is
strongly restricted by the SFD because the gas flow is squeezed between two parallel
surfaces as showed in Fig. 1. A modified molecular gas film lubrication (MMGL)
equation [41, 49] is utilized to model for the SFD problem to obtain the pressure
distribution of the gas flow as below

i ph3QP(T9a19a2)a_p i ph3QP(T9a17a2)a_p — i( h) (1)
ox\ 12u(RH,T) ox) " oy\ 12uRH,T) oy) o’

where p is the air density, /4 is the gas film spacing, p is the pressure, RH is the rela-
tive humidity of water vapor in moist air, and T is the temperature (°C). The Poi-
seuille flow rate (Qp) [41], and dynamic viscosity (u) of moist air [35] are used to
modify the MMGL equation to discuss the environmental effects of temperature and
relative humidity on the Q-factor of micro-cantilever resonator in atmospheric pres-
sure (p=101,325 Pa).

Moist air is a mixture of dry air and water vapor. The molar fraction of water
vapor [35] is defined as a ratio of water vapor moles to total number of moles of the
mixture as below

n, _1&
n,+n, p

X, =

@)
where x, is the molar fraction of water vapor in humid air, n, and n, are the number
of moles of water vapor and dry air, respectively. p, is the partial pressure of water
vapor, p is the partial pressure of total atmospheric pressure (1 atm).

Squeeze air film (=1 atm)

L

Fig. 1 Transverse vibration of micro-cantilever resonators under the SFD problem at atmospheric pres-
sure
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The relative humidity (RH) [35] is defined as the ratio of the partial pressure of
water vapor in air (p,) divided by the saturated pressure of water vapor (p,,) at a
given temperature as below

X Dy
RH=—=—
'xSV psv (3)
And x, =x,, - RH 4)

where x;, is the molar fraction of the saturated water vapor.
The molar fraction of saturated vapor pressure is corrected as function of pres-
sure and temperature as below

Py

Xy =0, T)-
p

%)
where f (p, T) is a so-called enhancement factor, which is a numerical corrective
number of interaction effects between real gas molecules in air.

The molar fraction of water vapor (x,) is then calculated from Eqgs. (4) and (5)
as a function of the total atmospheric pressure (p) and the saturated vapor pres-
sure (p,,) at a specific temperature as below

pv pSV
Xy :f(p9T)_ =f(p’T)RH_ (6)
4 p
The total atmospheric pressure (p) is given by
P=py*D, @)
The correction factor, f(p, T) [55] is given by
pSV
fonmesle (1) n (20)]
4 Py
with
4 )
_ L Gi=1)
a=) AT )

4
B =exp <Z B, T“"“) (10)

i=1

where the numerical values of the constants in Egs. (9) and (10) correspond-
ing to the temperature range between 0 and 100 °C are A, =3.53624-107%,
A, =293228-107°, A, =261474-107, A, =8.57538-107°, B, = —10.7588,
B, = 6.32529 - 1072, By = —2.53591 - 107*, and B, = 6.33784 - 1077, respectively.
Therefore, typical calculated values of the enhancement factor (f(p,T)), which are
function of temperature, are very close to unity.
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The saturation water vapor pressure (p,,) [49, 54] is a function of temperature
(T) as below

Py, = 1000-0.1 - 10° (11)

where

e=E0+E1(1_ 273 )_ : 10<T+273)

T+273 273
T+273 273
1E, <1 B 10—8‘2969‘(T—1>> +E, <104.76955~<1—m)>

where E; is interpolation constants for saturated vapor pressure such as.
E,=0.78614, E, =10.79574, E,=5.028, E;=1.50475%10"% and
E, = 0.42873 x 1073,
The dynamic viscosity of humid air (u) of moist air, which is calculated by the
following empirical formulae [41, 53] as below

Mﬂ.<1_xv) 'xv'ruv
H= +
[(1 —xv) +x,-®,, [xv+(1 —xv)-CDm]

(12)

where the viscosity of dry air (y,) and water vapor (y,) calculated by the following
empirical formulae [35] as below

4 i
Ho=My + Y, M, (T +273) (13)

Hy =My + My T (14)

where MAi and MVi are interpolating constants for calculating ua and uv, respec-
tively such as M, = —9.8601-107", M, =9.08012-107%, M, = —1.1764-107",
M, =12350-10"", M, =-5797-10"", M, =8058-10°,  and
My, =4.0005 - 107"

Also, ®,, and ®,, are interaction factors calculated as below

) M -05 [ 0.5 M 0.257
I S C ol I
v a

v

\/E Mv -05 [ i, 0.5 Ma 0.257
Ha v

a

where M (= 28.9635) and M (= 18.015) are molar mass of dry air and water vapor
[kg/kmol].

Under a small gas spacing, the effect of gas rarefaction becomes impor-
tant to discuss in atmospheric pressure. The expression of Poiseuille flow rate
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(Op(D, @), ay)) [41] is used to modify the MMGL equation considering the gas
rarefaction as follows:

13
Op(D, ay, a)) = exp lZ Cn(lnD)”—"] (17)
n=1
6 ~
Qp = 50p (18)

where Q»(D, a;, a,) is the Poiseuille flow rate for the gas rarefied flow.
The inverse Knudsen number (D), which is used as an important gas rarefaction
indicator, is given by

2K, 2

n

D

19)

The mean free path of gas (1), which is estimated from kinetic theory of gases
[56], can be expressed as functions of pressure (p) and temperature (7)) as below

_RT
V2z - N,d%p 20)

where R = 8.314 (J/mol) is the gas constant, N, = 6.0221 x 10> is the Avogadro’s
number, and d is the diameter of the cross section of gas molecular at a stable state.

At atmospheric pressure, from Eqs.(3), (7), and (20), the mean free path of moist
air (4) [52] can be expressed as functions of temperature (7), and relative humidity
(RH) as follow

A

1= AopoT @
pTy
where A is a reference mean free path of gas at a reference pressure of gas (p,) and
temperature (7}), A is a mean free path of gas at a pressure of gas (p) and tempera-
ture (7). Thus, the mean free path (1) of moist air for ambient temperature (7) in
atmospheric pressure (p=101,325 Pa) can be evaluated.

2.2 The Linear Equation of Motion for Micro-Cantilever

A transverse vibration of micro-cantilever is resisted by a total pressure force (p(x,
v, 1)) of gas film per unit area of micro structure in small gap spacing as showed
in Fig. 1. Under small displacement (w), the following linear form of equation of
motion can be used for the transverse displacement of the micro-cantilever [57] as
follow

4 4 4
Dp(aw o'w 0w

T P w
Fr PR + e tonly oy = —p(x, y,1) (22)
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where Dp(:ET£/12(1 —1?%)) is the cantilever flexural rigidity, E is the Young’s
modulus, v is the Poisson’s ratio, 7}, is the cantilever thickness, w(x, y, f) is the trans-
verse displacement at positions along the cantilever (x, y), and time ¢, p,, is the mate-
rial density of the cantilever. This equation is used to find the transverse displace-
ment (w) of micro-cantilever.

The boundary conditions of the micro-cantilever are set with a clamped edge at
one side (x = 0) as follows

w(0,y,1) =0 (23)
w30 _ o o
ox

and free edges at other sides (x =L, and y = 0, y = W,) as follows

*w(L,, y, 1) _ *w(L,,y,1) _

0 25
0x2 ox3 25)
0*w(x,0,f)  3Pw(x,0,f
w(x,0,1) _ w(x, 0,1) -0 26)
0y? 0y3
*w(x, W, t Pw, W, 1
(W) _ 0w W) _ o

0y? 0y?

2.3 Quality Factors of MEMS Cantilever Resonators

The Q-factor of MEMS resonators is calculated by obtaining the resultant eigen-
value (4 = 6 + iw) as the calculated procedures in Sect. 2.5 of Nguyen and Li (2016)
[50]. In the eigenvalue problems [50], the Q-factor of SFD (Qgzp) can be evaluated
as the ratio between the resonant frequency (w,) (imaginary part of A(Im(4))) and
the damping factor (6) (real part of A (Re(4))) as follows

Im(4)
2Re(1)

X0

Osrp = 25

(28)

For MEMS resonators, the total Q-factor (Q,,,,)) can be evaluated by the main
contributions of Q-factor components of SFD (Qgzp), TED (Qrgp), and support loss
(qup) [36, 37]. While the other damping mechanisms (e.g., surface loss, acoustic
wave length loss, and material loss, etc.) can be neglected as follows

1 1 1 1
= + + —
Qtoml QSFD QTED qup (29)

where Qgpp 1s obtained from the complex eigenvalue (1) by solving the linearized
equations of Eq. (1), Eq. (22) with their appropriate boundary conditions (Egs.
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(23)—~(27)) in the eigenvalue problems [50] using the Finite Element Methods
(FEM). Qyyp is calculated by the models of Zener [29, 30] (Eq. (14) in [52]), Lif-
shitz and Roukes [31] (LR model) (Eq. (15) in [52]), and the FEM in COMSOL
Multiphysics 5.5 [58] (Sect. 2.3 in [52]) in Fig. 13 ("Appendix A"). qup is obtained
by the theoretical model of Hao et al. [33] (Eq. (18) in [52]) in Fig. 14 ("Appendix
B"). A flow chart is showed in Fig. 2 to represent for the research methodology.
Thus, the effects of temperature and relative humidity on the Q-factors of MEMS
cantilever resonators are discussed for wide range of ACs (@, a,) and cantilever

sizes (length, width, and thickness) in atmospheric pressure (p=101,325 Pa).

3 Results and Discussion

In this section, the effects of temperature (7)) and relative humidity (RH) are con-
sidered on the Q-factors of MEMS cantilever resonators in atmospheric pressure
(p=101,325 Pa). The MMGL equation (Eq. (1)) for the SFD problem is modi-
fied by the dynamic viscosity (u(RH,T) in Eqs.(12)-(16)) and the expression of
Op(T,a;, ay) (Egs. (17) and (18)) of moist air in [41]) in wide range of ACs(e,, a,)
to discuss the effects of temperature (7)) and relative humidity (RH) on the Q-factors
(Qgpp) of MEMS cantilever resonators in atmospheric pressure. Also, the Q-factors
of TED (Qrgp) and support loss (Q,,,) are included to calculate the total O-factor

sup

The TED problem The SFD problem The support loss
problem

4 h 4 >N
the Modified Molecular Gas the Linear Equation of Motion
Lubrication (MMGL) for transverse vibration of

equation for SFD problem Jy € micro-cantilever )

! L
L h 4 T2
Sl T ST L The boundary conditions of

Poiseuille flow rate, Op (T, ACs
(a1,0;)) at p=101325 Pa

p

micro-cantilever
' )

Their eigen-value problem by
Finite Element Method (FEM)

Fig.2 Flow chart of the research methodology
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(Qrorap) of MEMS cantilever resonators in wide range of cantilever size (length,
width, and thickness). Finally, the effects of temperature and relative humidity are
discussed on the Q-factors (Qgpp, Q,,r) of MEMS cantilever resonators for wide
range of ACs (@, a,) and size of cantilever (length, width, and thickness) in atmos-
pheric pressure.

3.1 Dynamic Viscosity, u(RH,T) and Poiseuille Flow Rate, Qp(T,a;, a,)

To discuss the effects of temperature and relative humidity on the Q-factors of
MEMS cantilever resonators in atmospheric pressure, the changes in dynamic vis-
cosity (u(RH,T)) and Poiseuille flow rate, Qp(T,a;, a,) of moist air with temperature
(T) and relative humidity (RH) are simultaneously considered. In Fig. 3, the satura-
tion water vapor pressure (p,,) is plotted as function of temperature (7) by using
Eq. (11). The obtained results showed that p, increases as T increases in wide range
of temperature (0 °C < T < 100 °C) conditions. The obtained result can be used to
calculate variations of dynamic viscosity (1) of moist air as functions of temperature
(T) and relative humidity (RH).

In Fig. 4, the effects of temperature and relative humidity on the dynamic vis-
cosity of moist air are plotted by using Eqs.(12)—-(16) as functions of temperature
(T) and relative humidity (RH) in atmospheric pressure (p=101,325 Pa). Dynamic
viscosity (u) of dry air constantly increases as temperature (7) increases. While, y of
moist air increases and then decreases as T increases. Also, u decreases as relative
humidity (RH) increases in wide range of temperature (7) conditions. Also, influ-
ence of relative humidity (RH) on dynamic viscosity (#) becomes more significantly

Saturation water vapor pressure, pg, (Pa)

0 10 20 30 40 50 60 70 80 90 100
Temperature, T (°C)

Fig. 3 Saturation water vapor pressure (p,,) plotted as function of temperature (7)
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2.2E-05
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p=101325 Pa

RH = 0%
e RH =10% \
1.4E-05 — RH = 20%
—  — RH=30%
— - - RH=50%

RH =70%
—— - - - RH=100% \
1.2E-05

I I I I I [ I I [

Dynamic viscosity of moist air, p (Pa s)

0 10 20 30 40 50 60 70 80 90 100
Temperature, T (°C)

Fig. 4 Dynamic viscosity of moist air (4) versus temperature (7) and relative humidity (RH) in atmos-
pheric pressure (p=101,325 Pa)

in higher T region. Thus, dynamic viscosity (¢) of moist air decreases as relative
humidity (RH) and temperature (7) increase in atmospheric pressure. The obtained
results can be used to discuss the effects of temperature and relative humidity on
Q-factors of MEMS resonators in atmospheric pressure (p =101,325 Pa).

In Fig. 5, the Poiseuille flow rate (Qp) of moist air (Eqs. (17) and (18)) is plot-
ted as function of temperature (7) for different ACs (@, = a,) in atmospheric pres-
sure (p=101,325 Pa). The results showed that Q, linearly increases as tempera-
ture (7) increases for different ACs (@; = a,) because the mean free path of gas (1)
in Eq. (21) increases as T increases. Also, Qp with T increases as ACs (a; = a,)
decrease because the gas flow becomes less restricted as ACs decrease. The obtained
results of Op(T,a;, @) and dynamic viscosity (u(RH,T)) of moist air may be helpful
to enhance the Q-factor in atmospheric pressure. Thus, the influence of temperature
and relative humidity on the Q-factors (Qgrp, Q,,r) Of MEMS cantilever resonators
must be discussed for wide range of ACs (@; = a,) and size of cantilever (length,
thickness, and width) in atmospheric pressure (p =101,325 Pa).

3.2 Effects of Temperature (T) and Relative Humidity (RH) on Resonant
Frequency (@,), Damping Factor (8;p), and Q-Factor (Qsp)

In Fig. 6, the damping factor (6¢zp, = Rem) (real part of complex eigenvalue (E))
and Q-factor (Qgpp = Im|E| / 2Re’z|) are plotted as functions of temperature (7) and

relative humidity (RH) in atmospheric pressure (p=101,325 Pa). The basic geomet-
ric and operating conditions are showed in Table 1. In Fig. 6a, the results showed
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Fig.5 Poiseuille flow rate (Qp) of moist air versus temperature (7) for different gas rarefaction, ACs
() = )

that gz, of dry air constantly increases as temperature (1) increases. While, &gz, of
moist air increases and then decreases as T increases for different relative humidity
(RH) conditions. Also, ég5p, of moist air decreases as RH increases. dggp, of moist air
decreases more considerably with RH as T increases because dynamic viscosity (u)
decreases as T and RH increase (seen in Fig. 4). This point supports that Qggp, of
moist air increases as relative humidity (RH) and temperature (7) increase in atmos-
pheric pressure (as seen in Fig. 6b). Influence of relative humidity (RH) on Qqrp
becomes significantly as temperature (7) increases because 64, decreases as T and
RH increase and the gas flow becomes less restricted. Thus, Qgrp could be enhanced
as temperature (7) and relative humidity (RH) increase in atmospheric pressure.

In Fig. 7, the resonant frequency (o, =27 - f, = Im|1|) (imaginary part of com-

plex eigenvalue (4)), the damping factor (645p), and the Q-factor (Qgpp) are plotted
as functions of temperature (7) and relative humidity (RH) for different ACs
(a; = a,) in atmospheric pressure (p=101,325 Pa). In Fig. 7a, the variations of o,
can be explained by the variations in Qp and y in terms of the gas film forces (the
spring and damping forces discussed in Fig. 4 by [25]). The results showed that o,
of dry air constantly decreases as temperature (7) increases. While w, of moist air
decreases and then increases as T increases. Also, @, increases because u (Fig. 4)
decreases dominant (the damping and spring forces decrease) as T and RH increase
in atmospheric pressure. Influence of temperature (7) and relative humidity (RH) on
w, becomes significantly at higher ACs (a; = @,=1.0), while this influence on w,
reduces considerably at lower ACs (@, = a,=0.1)) because the gas film becomes
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Fig.6 a Damping factor (65p), b Q-factor (Qgrp) versus temperature (7) and relative humidity (RH) in
atmospheric pressure (p=101,325 Pa)

less restricted and the SFD decreases as ACs (@, = a,) decrease. Also, the changes
of 6grp (Fig. 7b) and Qg (Fig. 7c) with temperature (7) and relative humidity (RH)
are discussed for different ACs (@; = @,) conditions. The results showed that 5y,
with T and RH decreases in lower ACs (a; = a,) (as seen in Fig. 7b) because the
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Table 1 A basic geometric and operating conditions of MEMS cantilever resonator

Symbol Description Values

L, Length of cantilever 250 um

w, Width of cantilever 10 um

T, Thickness of cantilever 5 um

E Young’s modulus of silicon (100) cantilever 130 x 10° Pa
P Density of silicon (100) cantilever 2330 kg/m’
v Poisson’s ratio of silicon (100) cantilever 0.28

a,, Thermal expansion coefficient of silicon cantilever 2.6x 107 1/K
K Thermal conductivity of silicon cantilever 90 W/(m.K)
Cp Specific heat capacity of silicon cantilever 700 J/(kg.K)
hy Basic gas film thickness 7 um

Do Reference ambient pressure of air 101,325 Pa
Ay Reference mean free path of air at pressure (p,) 66.5 nm

T, Reference ambient temperature 27 °C

P Total pressure of moist air 101,325 Pa
T Ambient temperature 0-100 °C
RH Relative humidity of moist air 0-100%

SFD decreases in lower ACs (a; = a,). Whereas, Qg With temperature and rela-
tive humidity increases considerably in lower ACs (a; = a,) (as seen in Fig. 7c).
Thus, Qg could be increase as temperature and relative humidity increase or ACs
(a; = a,) decrease in atmospheric pressure.

In Fig. 8, the damping factor (65zp), and the Q-factor (Qgzp) are plotted as func-
tions of temperature (7) and relative humidity (RH) for different length of micro-
cantilever (L) in atmospheric pressure (p=101,325 Pa). The results showed that
ogrp (Fig. 8a) with T and RH decreases as L, decreases. Whereas, Oz (Fig. 8b)
with T and RH increases as L, decreases because the 65, decreases and the gas
film becomes less restricted as L, decreases. Furthermore, the changes of Qg with
temperature (7) and relative humidity (RH) become considerably as L, decreases.
The obtained results showed that Qgr;, of MEMS cantilever resonators could be
enhanced with temperature and relative humidity in lower length of cantilever. Thus,
the O-factors MEMS cantilever resonators can be designed to have a strong or weak
dependence on temperature and relative humidity for wide range of ACs (a; = a,)
and cantilever size in atmospheric pressure.

3.3 Effects of Temperature (T) and Relative Humidity (RH) on Q-Factors (Qgp,
Qtotal)

The effect of cantilever size (length, width, and thickness) is a manifestation of the
contributions of the SFD, TED, and support loss on the Q-factors of MEMS canti-
lever resonator in atmospheric pressure (p=101,325 Pa). In Fig. 9, Q-factors (Qgxp)
and (Q,,,,) are plotted with relative humidity (RH) and temperature (7) as function
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Fig. 8 a Damping factor (5zp), b Q-factor (Qgp) versus temperature (7) and relative humidity (RH) for

different length of micro-cantilever (L) in atmospheric pressure (p=101,325 Pa)

of length of cantilever (L,) for different thickness of cantilever (7},) in atmospheric
pressure. In Fig. 9a, the results showed Qg increases as relative humidity (RH)
and temperature (7) increase in wide range of length of cantilever (L,) conditions.
Also, Qgpp increases considerably as relative humidity (RH) increases at higher
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temperature (7=100 °C). While, Qg seems unchanged with RH at lower tem-
perature (T=20 °C). The influence of RH and T on (g, increases considerably
as length of cantilever (L,) increases because the SFD increases as L, increases for
different thickness of cantilever (7)) conditions. In Fig. 9b, the results showed that
total Q-factor (Q,,,,) with T and RH, which is calculated in Eq. (29) by the con-
tributions of Qgpp, Orgp, and Q,,,, increases considerably up to a maximum value
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and then decreases as L, increases for different 7}, conditions. Qg ("Appendix A")
and Q,,, ("Appendix B") increase significant as L, increases because TED and sup-
port loss decrease as L, increases. While, Oy, decreases significant as L, increases
because SFD increases as L, increases. Also, influence of temperature and relative
humidity on Q,,,,; enhances considerably in greater L, because SFD is dominant in
greater L, conditions. Whereas, temperature and relative humidity dependence of
Q... decreases and is neglected in lower L, because TED and support loss become
dominant in lower L, region. Thus, maximum @, can be obtained for different
relative humidity (RH) and temperature (7) in wide range of lengths of cantilever
(L,) in atmospheric pressure.

In Fig. 10, Q-factors (Qgzp) and (Q,,,,;) are plotted with temperature (7) and rela-
tive humidity (RH) as function of thickness of cantilever (7}) for different length
of cantilever (L,) in atmospheric pressure (p=101,325 Pa). In Fig. 10a, the results
showed that Q¢ increases with relative humidity (RH) and temperature (7) as
thickness of cantilever (7},) increases for different L, conditions. In Fig. 10b, the
results showed that O, ,,; with T and RH increases considerably up to a maximum
value and then decreases as T}, decreases for different L, conditions. Qg and Q;,,,
increase significantly as T}, decreases because TED and support loss decrease as
T, decreases. Whereas, Oy, decreases significantly as T}, decreases because SFD
increases as T}, decreases. Influence of temperature and relative humidity on Q,,,,
becomes considerably in smaller 7}, because SFD is dominant in smaller 7}, region.
Whereas, dependence of Q,,, on temperature and relative humidity reduces and
can be neglected in greater 7, because TED and support loss become dominant
in greater 7, region. Thus, maximum Q,,,, can be obtained with relative humidity
(RH) and temperature (7) in wide range of thickness of cantilever (7,) conditions in
atmospheric pressure.

In Fig. 11, Q-factors (Qgpp) and (Q,,,) are simultaneously plotted with rela-
tive humidity (RH) and temperature (7) as functions of width of cantilever (W) at
atmospheric pressure (p=101,325 Pa). The results showed that Qg increases con-
siderably with relative humidity (RH) and temperature (7) as W, decreases because
SFD decreases as W, decreases. The values of Q,,,,, with RH and T are almost the
same with those of Qg in wide range of W, conditions because the SFD is domi-
nant in the 1% mode of vibration. Thus, influence of temperature and relative humid-
ity on Qgrp and Q,,,, enhances considerably as W, increases because SFD increases
and becomes dominant as W, increases.

The obtained results showed that maximum Q, ., can be obtained and plotted
as functions of relative humidity (RH) and temperature (7) for wide range of can-
tilever length (L,) and thickness (7)) in atmospheric pressure (p=101,325 Pa).
In Fig. 12, a so-called thickness of cantilever (7}, ,,,,), in which maximum Q,,,
is obtained in wide range of ACs (a; = a,), is plotted as functions of relative
humidity (RH) and temperature (7) for different length of cantilever (L,). In
Fig. 12a, the results showed that T, , . decreases as relative humidity (RH) and
temperature (T) increase in wide range of L, conditions because Qg increases
(SFD decreases) as RH and T increase in higher ACs (a; = a,=1.0). Also, T}, .,
decreases with RH and T as L, decreases because (g, increases (SFD decreases)
as L, decreases in higher ACs (a; = a,=1.0). Furthermore, T} , . decreases
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Fig. 10 a Q-factor (Qgzp), b total Q-factor (Q,,,,) with relative humidity (RH) and temperature (7)
versus thickness of cantilever (7)) for different length of cantilever (L,) in atmospheric pressure
(p=101,325 Pa)

more considerably with RH and T as L, decreases because SFD decreases more
considerably as L, decreases in lower ACs (a; = a,=0.1) (seen in Fig. 12b). The
obtained results of 7} ,,,. can be used for designer to improve the Q-factor of
MEMS cantilever resonators under the effects of temperature (7) and relative
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Fig. 11 Q-factor (Qgyp) and total Q-factor (Q,,,,,) versus width of cantilever (W,) with relative humidity
(RH) and temperature (7) in atmospheric pressure (p=101,325 Pa)

humidity (RH) for wide range of ACs (a; = a,) and size of cantilever in atmos-
pheric pressure (p =101,325 Pa).

4 Conclusions

This paper highlights the effects of temperature and relative humidity on the Q-fac-
tor of MEMS cantilever resonators in atmospheric pressure (p=101,325 Pa). The
SFD problem of MEMS cantilever resonator is modeled by solving the MMGL
equation in wide range of temperature (0 °¢ < T < 100 °©), relative humidity (0%<
RH < 100%), and ACs (0.1 < a;,a, < 1.0) conditions. Dynamic viscosity (u(RH,
7)) (Egs.(12)-(16)) and Poiseuille flow rate, Qp(T.a,, a,) of moist air (Eqgs.(17) and
(18)) are utilized to modify the MMGL equation to consider the effects of tempera-
ture and relative humidity in atmospheric pressure (p=101,325 Pa). The Q-factors
of TED and support loss are also included to calculate total Q-factor (Q,,,,) in wide
range of cantilever sizes (length, width, and thickness). Thus, the effects of tem-
perature (7) and relative humidity (RH) on Q-factors (Qgrp and Q,,,,) of MEMS
cantilever resonators are considered for wide range of ACs (a; = a,) and size of
cantilever (length, width, and thickness) in atmospheric pressure (p=101,325 Pa).
Some remarkable outcomes were showed as below.

a. Qgpp increases as temperature and relative humidity increase or ACs (a;, a,)
decrease in atmospheric pressure. Influence of temperature and relative humidity
on Qgp increases considerably as ACs («; = a,) decrease.
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Fig. 12 Thickness of cantilever (7, ,,,,) versus temperature (T) and relative humidity (RH) for differ-
ent length (L,) of cantilever for different gas rarefaction a ACs (a; = @,=1.0), b ACs (a; = @,=0.1) in
atmospheric pressure (p=101,325 Pa)

b. 0O, With temperature and relative humidity increases up to a maximum value
and then decreases as cantilever length increases and thickness decreases in
atmospheric pressure. Influence of temperature and relative humidity on Q,,,,
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enhances considerably because SFD is dominant in greater length and smaller
thickness of cantilever. While, temperature and relative humidity dependence
of Q,,,. reduces and can be neglected because TED and support loss become
dominant in smaller length and greater thickness of cantilever. Finally, maxi-
mum Q,,,, of MEMS cantilever resonator can be obtained in wide range of ACs
(a; = a,) and cantilever size for designer to optimize the performance of MEMS
temperature and humidity sensors for environmental monitoring applications in
atmospheric pressure.

Appendix A

In Fig. 13, Q-factor of TED (Qgp) is plotted as functions of thickness (7},) and
length of cantilever (L,) for different temperature (T=20 °C and 100 °C) in 1*' mode
of vibration. The present results of Qy, is calculated by the modes of Zener [29,
30] (Eq. 14 in [52]) in wide range of length (L,) and thickness (7},) in 1st mode
of cantilever. The results showed that Q;;, decreases to a minimum value then
increases as thickness of cantilever (7},) increases (seen in Fig. 13a). In Fig. 13b, the
results showed that O, decreases to a minimum value and then increases as length
of cantilever (L,) decreases. Minimum values of Q. are obtained because TED is
very dominant at smaller L, and greater T, in the 1** mode of vibration. The present
results of Qpzp, which are calculated by the models of Zener [29, 30] (Eq. (14) in
[52]), can be almost the same with those obtained results of Q7 by Lifshitz and
Roukes [31] (LR model) (Eq. (15) in [52]), and the FEM in COMSOL Multiphysics
5.5 [58] (Sect. 2.3 in [52]) in wide range of length and thickness of cantilever. The
obtained results can be used to calculate the total Q-factor (Q,,,,) in wide range of
thickness and length of cantilever in atmospheric pressure (p = 101,325 Pa).

Appendix B

In Fig. 14, Q-factor of support loss (Q,,,) is plotted as functions of thickness (7},)
and length of cantilever (L,) in 1** mode of vibration. The present results of OQuup
are calculated by the theoretical model of Hao et al. [33] (Eq. (18) in [52]). The
results showed that O, , decreases as thickness of cantilever (7)) increases (seen
in Fig. 14a). Also, Q,,, decreases as length of cantilever (L,) decreases (seen in
Fig. 14b). Thus, Q,,, decreases as thickness (7},) increases and length of cantile-
ver (L,) decreases because the support loss increases and becomes dominantly as T,
increases and L, decreases in the 1* mode of vibration. The obtained results can be
used to calculate the total Q-factor (Q,,,,,) in wide range of thickness and length of
cantilever in atmospheric pressure (p=101,325 Pa).

sup
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(Ly) for different thickness of cantilever (7)) for different temperature (7=20 °C and 100 °C) in 1* mode
of vibration
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