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Abstract
This paper discussed the effect of environmental conditions (moisture and tem-
perature) on the quality factors (Q-factor) of micro-electro-mechanical systems 
(MEMS) cantilever beam resonators in wide range of gas rarefaction (pressure (p), 
and accommodation coefficients (ACs)), and flexural mode of resonator. The modi-
fied molecular gas lubrication (MMGL) equation is applied for modeling the domi-
nant squeeze film damping (SFD) problem on the quality factor of MEMS cantilever 
beam resonators to discuss the effect of environmental conditions. The external SFD 
and the internal structure damping (thermoelastic damping) and support loss) are 
accurately taken into account. Effective viscosity, which is ratio of dynamic viscos-
ity and Poiseuille flow rate of moist air, is utilized to modify the MMGL equation 
to consider the environmental effects of moisture and temperature in gas rarefaction. 
In low pressures, mean free path changes more significantly with relative humid-
ity and temperature than that of dynamic viscosity of moisture in gas rarefaction. 
Thus, effect of environmental conditions such as moisture and temperature must be 
discussed to improve Q-factors of MEMS cantilever beam resonators in wide range 
of gas rarefaction (p and ACs) and flexural modes of resonator. The results showed 
that Q-factor of SFD decreases significantly as moisture and temperature increase 
at higher gas rarefaction (lower p, and ACs), while Q-factor of SFD decreases and 
then increases slightly as moisture and temperature increase at lower gas rarefaction 
(higher p, and ACs). The total Q-factor is highly sensitive to the relative humid-
ity and temperature in higher gas rarefaction (lower p and ACs) and lower flexural 
modes of resonator.
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1  Introduction

Cantilever beam is the most important structure of Micro-electro-mechanical 
systems (MEMS) resonator used in numerous miniaturized sensor and detec-
tor applications such as atomic force microscopy (AFM) tips [1], scanning force 
microscopy (SFM) [2], physical sensors (e.g. pressure, temperature, veloc-
ity, flow, frequency change) [3–6], chemical sensors (e.g. water vapor, protein 
adsorption) [7–9], bio-sensors (e.g. virus particles, bacterial, etc.) [10]. The other 
advantages are that MEMS cantilever beam resonators can operate in various 
environments such as liquids, gases, and vacuum. Therefore, these applications 
required a great enhancement in dynamic performance of MEMS cantilever beam 
resonators, which are fabricated in wide range of geometric parameters of micro/
nano systems and excited at the fundamental mode up to high mode of resonators. 
However, the effects of environmental conditions (e.g. temperature, moisture, 
etc.) are main problems because dynamical performance of MEMS cantilever 
beam is strongly influenced by the viscous damping in air ambient environment.

In MEMS resonators, the most important dynamic characteristics are resonant 
frequency, damping factor, and quality factor (Q-factor). Physically, the Q-fac-
tor is defined as ratio of the stored energy of oscillators or resonators to rate of 
energy loss in a cycle of oscillation. Higher Q-factor (lower damping) is one of 
crucial requirement of MEMS resonators operated in high frequency stability and 
high sensitivity of sensing systems. The Q-factor of micro-cantilever resonator 
in liquids for chemical sensors and biosensors, which is very low to Q-factor ~ 1 
in pure water and enhances in aqueous solution [11–14], is not exceeded 35 for 
transverse vibration [15, 16] because the density and viscosity of the fluids highly 
influenced on the cantilever’s dynamic behavior and then high fluid damping 
produced. Due to the small Q-factor for the cantilevers in contact with the liq-
uid samples, other designs of MEMS resonator array are used in these environ-
ments [17]. In this study, the Q-factor is enhanced by orders of magnitude using 
of cantilevers in gaseous environments. In MEMS cantilever beam resonators, 
there have been several damping mechanisms of oscillating structures that mini-
mized the Q-factor of MEMS resonators. In air ambient environment, the external 
squeeze film damping (SFD), which is a dominant damping source appeared as 
the gas flow squeezed in small gas film spacing between two surfaces of vibra-
tional structure and stationary substrate [18]. The internal structure damping 
sources such as the thermoelastic damping (TED) [19–22] and support loss [23, 
24] are the other dominant damping mechanisms of MEMS cantilever beam reso-
nators. These kinds of damping mechanisms (the SFD, TED and support loss) 
are dominant damping sources on the Q-factor of micro-cantilever beam resona-
tors [25–27]. In literature review, the dynamic performances of MEMS resonators 
under the SFD problem have been studied with various physical parameters such 
as size [28], pressure [29], mode of resonator [30], gas medium [31], electrostatic 
driven force [32], etc. Therefore, the obtained results highlighted that to obtain 
high Q-factor of MEMS cantilever beam resonators in air ambient environment, 
the size of MEMS cantilever beam should be reduced and resonant frequency 
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must be operated as high as possible to minimize the energy loss due to the exter-
nal SFD. To improve the Q-factor in air ambient condition, the gas rarefaction 
[33], surface roughness [34], and temperature [35] are considered as important 
effects on the Q-factors of MEMS resonators. Influence of relative humidity [36] 
on the quality factors of MEMS resonators is also discussed in wide range of 
gas rarefaction conditions. Besides, the effect of environmental conditions such 
as temperature and humidity of moist air has been found as strong effects on the 
dynamic performance of MEMS resonators in gas ambient conditions [37]. From 
a scientific point of view, the challenges in optimizing dynamic performance of 
MEMS resonators under gas ambient condition are to improve their sensitivity 
until the ultimate limit is reached. Therefore, the effect of environmental con-
ditions (e.g. humidity, temperature, etc.) must be carefully considered as main 
effects of dynamic performance of MEMS cantilever beam resonators in a wide 
range of operating pressure conditions.

In gas atmospheric air condition, the density and viscosity of moist air, which 
are represented as functions of both moisture and temperature, can influence on the 
dynamic performance of MEMS resonators in air atmospheric pressure conditions 
[37]. Many studies have investigated the effect of temperature on the dynamic per-
formance of MEMS resonators [26, 27, 38]. Few studies have considered the com-
bined effects of temperature and humidity on the Q-factor of MEMS resonators in 
gas atmospheric air [39, 40]. The obtained results showed the Q-factor of MEMS 
resonators changed with temperature and humidity of moist air. However, the result-
ant Q-factor is very low in atmospheric pressure because high SFD produces in con-
tinuum gas flow conditions. To improve the Q-factor of resonators due to the SFD, 
the effect of gas rarefaction [33] is introduced. In gas rarefied flow, low pressure is 
introduced into very small gap film spacing (h) to reduce the SFD. The mean free 
path (λ) of gas flow changes considerably, then the slip flow takes place on the solid 
surfaces. To consider the gas rarefaction effect, the most useful method is the use 
of Poiseuille flow rate ( QP ) for gas rarefaction corrector. Some appropriate expres-
sions of QP , which have been derived by solving the linearized Boltzmann equa-
tion (BGK model) for modeling the SFD to consider the gas rarefaction effects [33, 
41–46]. Fundamentally, the effect of gas rarefaction characterized by the Knudsen 
number ( Kn = �∕h ) to represent for different gas rarefied flow regions (e.g., con-
tinuum, slip, transition, free molecular) as Kn varies from 0 to infinity. Also, effect 
of surface accommodation coefficients, ACs ( � ), which presents for the average 
tangential momentum exchanges of the gas molecular and solid surface interaction, 
is another important gas rarefaction parameter. Generally, the ACs vary from 0.1 
to 1.0 depending on how incident molecules are scattered on solid surfaces by the 
diffuse or specular manners. In gas rarefied flow, the effect of ACs becomes sig-
nificantly because QP changes considerably with the ACs in Nguyen and Li [33]. 
Also, in gas rarefied flow, the dynamic viscosity ( � ) and mean free path ( � ) of moist 
air changed significantly as functions of moisture and temperature. Therefore, the 
influences of moisture and temperature in gas rarefaction of air environment must 
be carefully considered to improve the Q-factor of resonators. Recently, Hasan [47] 
has addressed the effects of moisture and temperature on the dynamic response of 
MEMS resonators under the reduced pressure and the 1st mode shape. Moreover, the 

Content courtesy of Springer Nature, terms of use apply. Rights reserved.



	 Sensing and Imaging            (2021) 22:6 

1 3

    6   Page 4 of 27

effect of environmental conditions such as moisture and temperature on the Q-fac-
tors of MEMS cantilever beam resonators in wide range of gas rarefaction (inverse 
Knudsen number and accommodation coefficients) and high flexural modes of reso-
nators is not considered. Also, the contributions of TED and support loss are not 
accurately included yet.

In the previous work, we solved the SFD problem of MEMS resonators using the 
modified molecular gas lubrication (MMGL) equation. Then, the quality factors of 
MEMS resonators are obtained by solving the MMGL equation and the transverse 
vibration equation of micro-structure with their corresponding boundary conditions 
simultaneously in the eigenvalue problem [33]. The expression of Poiseuille flow 
rate ( QP(D, �1, �2) ) is included to discuss the gas rarefaction effect in wide range 
of inverse Knudsen number, D ( 0.01 ≤ D ≤ 100 ) and accommodation coefficients, 
ACs ( 0.1 ≤ �1, �2 ≤ 1.0 ). Then, the effect of gas rarefaction and resonant mode are 
discussed on the Q-factor of MEMS resonators [33]. The effect of temperature [35] 
is discovered on the Q-factor of MEMS resonators in gas rarefaction. Also, influence 
of relative humidity on the Q-factor of MEMS resonator is also discussed in gas 
rarefaction [36]. However, the influence of environmental effects such as moisture 
and temperature of moist air on the Q-factor of MEMS resonators in gas rarefaction 
and flexural mode of resonator is not considered yet. In this paper, we investigate the 
change of quality factors of MEMS cantilever beam resonator as functions of tem-
perature and humidity in wide range of gas rarefaction and flexural mode of resona-
tor. Based on the previous works, the MMGL equation is modified with dynamic 
viscosity ( �(RH, T , p) ) of Morvay and Gvozdenac [48] and databases for Poiseuille 
flow rate ( QP(D(RH, T , p),ACs(�1, �2)) ) of Li [44] for gas rarefaction corrector 
which changed as functions of temperature (T) and relative humidity (RH). Then, 
the combined effects of moisture and temperature of moist air are taken into account 
in gas rarefaction by including the dynamic viscosity ( �(RH, T , p) ) (Eqs.(13)-(15)) 
and the mean free path ( �(RH, T , p) ) (Eq. 12) of moist air as functions of moisture 
and temperature. Also, the internal structural damping (TED and support loss) is 
accurately included. Finally, the influences of moisture and temperature are dis-
cussed on the Q-factors and Weighting of SFD of MEMS cantilever beam resonators 
in wide range of gas rarefaction ( D, and ACs(�1, �2 )) and flexural mode of resonator. 
The research objective is to develop a new approach to discuss the environmental 
effects such as temperature (T) and relative humidity (RH) on the quality factors of 
MEMS cantilever beam resonators in a wide range of flexural mode of resonator and 
gas rarefaction (pressure (p), and ACs ( �1, �2)).

2 � Governing Equation

2.1 � The MMGL Equation for the SFD Problem

In gas environmental condition, harmonic vibration of micro-cantilever beam is 
restricted as a gas film trapped in small gap film spacing between a structure of micro-
cantilever beam and a stationary substrate during their normal motion in the z direction. 
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Also, the Poiseuille flow rate (QP) of gas film between two parallel surfaces in small 
gas film spacing occurs as showed in Fig. 1.

Under a small gas film spacing, the pressure distribution of the SFD problem 
of the gas flow is obtained by solving a new modified molecular gas lubrication 
(MMGL) equation [33, 44] which is used to take into account the combined effects 
of moisture and temperature in wide range of gas rarefaction as follow

where � is the gas density.
The effective viscosity (µeff) is used to modify the MMGL equation (Eq. (1)) con-

sidering the combined effects of moisture (RH) and temperature (T) in wide range of 
gas rarefaction as below

The complete database of Poiseuille flow rate ( QP(D, �1, �2) ) [44], which is 
numerically obtained by solving the linearized Boltzmann equation, is used to mod-
ify the MMGL equation to consider gas rarefaction effect in wide range of inverse 
Knudsen number, D ( 0.01 ≤ D ≤ 100 ) and accommodation coefficients, ACs 
( 0.1 ≤ �1, �2 ≤ 1.0 ) conditions as follows:

(1)
�
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�

�y

(
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�p

�y

)

=
�

�t
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[
13∑
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]

(4)QP =
6

D
Q̃P

Fig. 1   A schematic of transverse motion of MEMS cantilever beam resonator with the first and second 
flexural mode shapes under the influence of SFD problem
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where Q̃P(D, 𝛼1, 𝛼2) is the Poiseuille flow rate for the gas rarefied flow. The present 
model is applicable to consider the combined effects of moisture (RH) and tempera-
ture (T) on MEMS devices and sensors in entire range of gas rarefaction ( D , ACs 
( �1, �2 )) conditions.

The inverse Knudsen number ( D ) is defined as ratio of the molecular mean free path 
length ( � ) of gas to the gas film spacing ( h ) as follow

In moist air condition, the total pressure of moist air (p) [48, 49] is calculated as sum 
of partial pressure of dry air (pa) and water vapor (pw) as follow

The relative humidity (RH) [49, 50] of moist air is expressed as the ratio between the 
partial pressure of water vapor to the partial pressure of saturation water vapor ( psw ) at 
the actual dry bulk temperature as follow

The saturation pressure of water vapor ( psw ) is maximum pressure in which water 
vapor start to condensate at an actual temperature. Thus, psw [51, 52] is expressed as 
function of temperature as follow

Specific humidity [49] is also used to describe the properties of moist air in atmos-
phere as follow

where xS is the specific humidity of moist air.
In the kinetic theory of gases [50], the mean free path of gas (λ) can be estimated as 

follow

where R = 8.314 (J/mol) is the gas constant, Na = 6.0221 × 1023 is the Avogadro’s 
number, M is the molecular weight of gas, and d is the diameter of the cross section 
of gas molecular at a stable state.

From Eq. (10), mean free path of gas ( � ) [35] can be expressed as functions of pres-
sure ( p ) and temperature ( T ) as following form

(5)D =

√
�

2Kn

=

√
�h

2�

(6)p = pa + pw

(7)RH =
pw

psw
⋅ 100%

(8)psw = e(77.3450+0.0057 ⋅ T−7235∕T)∕T8.2

(9)xS = 0.62198 ⋅ pw∕(p − pw)

(10)� =
RT

√
2� ⋅ Nad

2p

(11)
� ⋅ p

T
=

�0 ⋅ p0

T0
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where �0 is a reference mean free path of gas at a reference pressure of gas ( p0 ) and 
temperature ( T0).

At moist air, from Eqs.(6), (7), and (11), the mean free path of moist air ( � ) can 
be expressed as follows

The dynamic viscosity of moist air ( � ) at low pressure [48] is expressed as func-
tions of pressure and temperature as follows

where.

Φav =

�
1+(�a∕�v)

0.5
⋅(mv∕ma)

0.25
�2

2
√
2⋅(1+ma∕mv)

0.5 ,Φva =

�
1+(�v∕�a)

0.5
⋅(ma∕mv)

0.25
�2

2
√
2⋅(1+mv∕ma)

0.5 ,

xm = 1.61 × xS , ma (= 29) is molecular mass of dry air (kg/kmol), mv (= 18) is 
molecular mass of water vapor (kg/kmol).

The dynamic viscosity of dry air ( �a ) [48] under low pressure is

where a1 = 0.40401, a2 = 0.074582, a3 = 5.7171 × 10–5, a4 = 2.9928 × 10–8,
a5 = 6.2524 × 10–12.
The dynamic viscosity of water vapor ( �v ) [48] under low pressure is

where c1 = 0.0181583, c2 = 0.0177624, c3 = 647.27, c4 = 0.0105287, c5 = 0.0036744.
Therefore, the present model is a new approach to model the SFD problem con-

sidering the combined effects of moisture and temperature on the dynamic perfor-
mance of MEMS resonators in wide range of gas rarefaction (inverse Knudsen num-
ber (D) and ACs (α1,α2)) conditions.

2.2 � The Linear Equation of Motion for Transverse Vibration of Micro‑Cantilever

In this section, a transverse vibration of micro-cantilever is resisted by a pressure 
force (p(x, y, t)) of gas film per unit area of micro-cantilever vibrated in z direction. 
A structure of micro-cantilever was mounted on a substrate at one side and free at 
the other sides as showed in Fig. 1. Under small amplitude of micro-cantilever (w), 
we can obtain the following linear form of equation of motion that governs for trans-
verse vibration of the micro-cantilever [53, 54] as follow

(12)� =
�0p0T

pT0
=

�0p0T

(pa + RH ⋅ psw)T0

(13)� =
�a

1 + Φav ⋅ xm
+

�v

1 + Φva

/
xm

(14)�a = (a1 + a2 ⋅ T − a3 ⋅ T
2 + a4 ⋅ T

3 − a5 ⋅ T
4) × 10−6

(15)�v = (T∕c3)
0.5
/
(c1 + c2 ⋅ (c3∕T) + c4 ⋅ (c3∕T)

2 − c5 ⋅ (c3∕T)
3) × 10−6

(16)Dp

(
�4w

�x4
+ 2

�4w

�x2�y2
+

�4w

�y4

)

+ �mtp
�2w

�t2
= −p(x, y, t)
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where Dp(= Et3
p
∕12(1 − v2) ) is the cantilever rigidity, E is the Young’s modulus, ν is 

the Poisson’s ratio, tp is the cantilever thickness, w(x, y, t) is the transverse vibration 
of micro-cantilever at positions along the cantilever (x, y), and time t, �m is the mate-
rial density of the cantilever.

The boundary conditions of a micro-cantilever are set with.
a fixed edge at one side ( x = 0 ) as follows.

and free edges at other sides ( x = �p and y = 0, y = wp ) as follows

2.3 � Quality Factors of MEMS Cantilever Beam Resonators

The Q-factor of MEMS resonators is obtained by calculating the resultant eigenvalue 
( � = � + i� ). The calculated procedures of the eigenvalue problem can be found in 
Sect. 2.5 of Nguyen and Li [33]. In the eigenvalue problems [33], the Q-factor of SFD 
( QSFD ) can be evaluated as the ratio between the resonant frequency ( �0 ) (imaginary 
part of �(Im(�) )) and the damping factor ( � ) (real part of � ( Re(�) )) as follows

For MEMS resonators in gas ambient condition, the total Q-factor (QT)) can be 
evaluated by the main contributions of Q-factor components of SFD ( QSFD ), TED 
( QTED ), and support loss ( Qsup ) [26, 35], while the other damping mechanisms (e.g., 
surface loss, acoustic wave length loss, and material loss, etc.) can be neglected in 
wide range of gas rarefaction and flexural modes of resonator conditions as follows

where QSFD is obtained from the complex eigenvalue ( � ) by solving the linearized 
equations of Eq.  (1), Eq.  (16) with their appropriate boundary conditions (Eqs.

(17)w(0, y, t)

(18)
�w(0, y, t)

�x
= 0

(19)
�2w(�p, y, t)

�x2
=

�3w(�p, y, t)

�x3
= 0

(20)
�2w(x, 0, t)

�y2
=

�3w(x, 0, t)

�y3
= 0

(21)
�2w(x,wp, t)

�y2
=

�3w(x,wp, t)

�y3
= 0

(22)QSFD =
�0

2�
=
|
|||
|

Im(�)

2Re(�)

|
|||
|

(23)
1

QT

=
1

QSFD

+
1

QTED

+
1

Qsup

=
1

QSFD

+
1

Qint
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(17)-(21) in the eigenvalue problems [33]. QTED is calculated by the models of Zener 
[19, 20] (Eq. 14 in [35]), Lifshitz and Roukes [21] (LR model) (Eq. 15 in [35]) in 
Fig. 10 (Appendix A), and the FEM in COMSOL Multiphysics 5.5 [55] (Sect. 2.3 
in [35]). Qsup is obtained by the theoretical model of Hao et al. [23] (Eq. 18 in [35]) 
in Table 2 (Appendix B). Qint is so-called internal structural damping which is the 
combined of TED and support loss in MEMS cantilever beam resonators.

Weighting of SFD (WtSFD(%)), which is calculated as ratio between the con-
tributions of the external SFD and the overall damping (SFD, TED, and support 
loss) as follows

where WtSFD(%) is the weighting of SFD,  Q−1
SFD

 is the external SFD, Q−1
TED

 is the 
internal TED, and Q−1

sup
 is the internal support loss. (Qint)

−1(= (QTED)
−1 + (Qsup)

−1) 
is the internal structural damping of MEMS cantilever beam resonators.

2.4 � Combined Effects of Moisture and Temperature on the Q‑Factors of MEMS 
Cantilever Beam Resonators

In this study, to consider the combined effects of temperature (T) and relative 
humidity (RH) in gas rarefaction, the dynamic viscosity ( � ) (Eqs.(13)-(15)) 
and the Poiseuille flow rate (QP) (Eq.  3) of moist air are calculated as func-
tions of temperature (T) and relative humidity (RH) in wide range of gas rar-
efaction ( pa = 100  Pa and 100,000  Pa) conditions, respectively. Thus, the 
MMGL equation (Eq.  1) for the SFD problem is modified by using the effec-
tive viscosity, �eff (RH, T , p) (Eq.  2) which is defined as ratio between the 
dynamic viscosity,�(RH, T , p) (Eqs.(13)-(15)) and the complete database of 
QP(D(RH, T , p), �1, �2) (Eq. 3) in Li [44] to discuss the combined effects of tem-
perature (T) and relative humidity (RH) in wide range of gas rarefaction (p, 
ACs(�1, �2 )) on the Q-factors of MEMS cantilever beam resonators. Also, the 
Q-factors of internal structure damping problems (TED and support loss) are 
accurately taken into account to calculate the total Q-factor and weighting of 
SFD of MEMS cantilever beam resonators in wide range of temperature and 
flexural mode of resonator. In gas ambient condition, the Q-factors of MEMS 
cantilever beam resonators are significantly controlled by the external SFD in 
lower flexural modes of resonator. Whereas, the internal structural damping (e.g. 
TED and support loss) are the other dominant damping sources on the Q-fac-
tor of MEMS resonators in higher flexural modes of resonators [35]. Thus, the 
innovation of this study is investigation of the combined effects of temperature 
(T) and relative humidity (RH) on the Q-factor ( QSFD ), total Q-factor (QT), and 
Weighting of SFD (WtSFD(%)) of MEMS cantilever beam resonator in wide 
range of gas rarefaction (p, ACs(�1, �2 )) and flexural mode of resonator.

(24)WtSFD(%) =
(QSFD)

−1

(QT )
−1

=
(QSFD)

−1

(QSFD)
−1 + (Qint)

−1
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3 � Results and Discussion

In this study, the influences of environmental effects such as moisture and tempera-
ture are simultaneously considered on the Q-factors of MEMS cantilever beam reso-
nators in gas rarefaction. The basic geometric and operating conditions of MEMS 
cantilever beam resonator, which are used in this study, showed in Table 1.

3.1 � Influence of Temperature and Relative Humidity on Effective Viscosity, µ eff 
(RH,T,p)

In Fig. 2, the saturation water vapor pressure ( psw ) is plotted in wide range of ambi-
ent temperature (200  K < T < 380  K). The results showed that psw increases as T 
increases in wide range of temperature conditions. The obtained result can be used 
to calculate variations of relative humidity of moist air (Eq.  7) in wide range of 
ambient pressure (pa) and temperature (T).

In Fig.  3, the dynamic viscosity of moist air (μ) in Eqs.(13)-(15) is plotted 
as functions of temperature (T) and relative humidity (RH) in wide range of gas 
rarefaction conditions. In Fig. 3a, � is plotted as functions of temperature (T) and 
relative humidity (RH) at higher gas rarefaction ( pa = 100 Pa). The results showed 
that μ of dry air increases with T because the dynamic viscosity of dry air ( �a ) in 
Eq. (14) increases with T. While, � of moist air increases slightly with T because 
�a increases with T ( �a is dominant at lower T region). Then, � decreases sig-
nificantly, and increases as T increases because �v in Eq.  (15) increases with T 
( �v is dominant at higher T region). In Fig. 3b, the results showed that � of dry 

Table 1   Basic geometric and operating conditions of MEMS cantilever beam resonator used in this study

Symbol Description Values

�p Length of cantilever beam 350 µm
wp Width of cantilever beam 22 µm
tp Thickness of cantilever beam 4 µm
E Young’s modulus of silicon cantilever beam [56] 130 × 10

9 Pa
�m Density of silicon cantilever beam [56] 2330 kg/m3

� Poisson’s ratio of silicon cantilever beam [56] 0.28
�m Thermal expansion coefficient of silicon cantilever beam 2.6 × 10

−6 1/K
� Thermal conductivity of silicon cantilever beam 90 W/(m.K)
CP Specific heat capacity of silicon cantilever beam 700 J/(kg.K)
h
0

Basic gas film thickness 4 µm
p
0

Reference ambient pressure of air 101,325 Pa
�p

0
Reference mean free path of air at pressure ( p

0
) 66.5 nm

T0 Reference ambient temperature 300 K
T Ambient temperature 200–380 K
RH Relative humidity of moist air 0–100%
pa Ambient pressure of dry air 100–100,000 Pa

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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air increases with T, while � of moist air increases up to a maximum value and 
then decreases slightly with T at low gas rarefaction ( pa = 100,000 Pa). Also, � 
decreases as relative humidity (RH) increases in wide range of T and pa condi-
tions. Furthermore, the change of � with T and RH is slightly at lower gas rarefac-
tion ( pa = 100,000 Pa) while that change of � with T and RH is significantly at 
higher gas rarefaction ( pa = 100  Pa). The obtained results of dynamic viscosity 
of moist air ( � ) with different temperature (T) and relative humidity (RH) can be 
used to discuss the combined influences of moisture and temperature on quality 
factors of MEMS resonators in wide range of gas rarefaction conditions.

In Fig. 4, the Poiseuille flow rate (QP) of moist air (Eq. 3) is plotted as func-
tions of temperature (T) for different relative humidity (RH) at different gas rar-
efaction (pa) conditions. In Fig. 4a, the results showed that QP of dry air increases 
slightly with T, while QP of moist air decreases more significantly as T increases. 
Also, QP decreases as RH increases in wide range of T. In Fig.  4b, the results 
showed that QP of dry air increases with T, while QP of moist air increases up to a 
maximum value, then decreases slightly as T increases. Also, QP decreases as RH 
increases in wide range of T. Furthermore, the variation of QP with T and RH at 
higher gas rarefaction (pa = 100 Pa) changes more significantly than that at lower 
gas rarefaction (pa = 100,000 Pa). Thus, the influence of relative humidity (RH) 
on QP becomes more significantly at higher temperature (T) and higher gas rar-
efaction (pa = 100 Pa) conditions. The obtained results of μ and QP with RH and 
T in gas rarefaction can be used to discuss the combined effects of moisture and 

Fig. 2   Saturation water vapor pressure ( psw ) versus ambient temperature (T)

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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(a)

(b)

Fig. 3   Dynamic viscosity of moist air (μ) versus ambient temperature (T) for different relative humidity 
(RH) at a higher gas rarefaction ( pa = 100 Pa), b lower gas rarefaction ( pa = 100,000 Pa)

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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(a)

(b)

Fig. 4   Poiseuille flow rate (QP) of moist air versus ambient temperature (T) for different relative humid-
ity (RH) at a higher gas rarefaction (pa = 100 Pa), b lower gas rarefaction (pa = 100,000 Pa)

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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temperature on the quality factors of MEMS cantilever beam resonators in wide 
range of gas rarefaction (pa and ACs(�1, �2 )) conditions.

In Fig. 5, the effective viscosity of moist air (µeff) in Eq. (2) is plotted as function 
of temperature (T) and relative humidity (RH) at different gas rarefaction (pa) con-
ditions. In Fig.  5a, the results showed that µeff of dry air decreases slightly with T, 
while µeff of moist air increases more significantly with T for different RH at higher 
gas rarefaction (pa = 100 Pa). Also, µeff of moist air increases more considerably as RH 
increases in wide range of T conditions because QP of moist air decreases as RH and 
T increase. In Fig. 5b, µeff of dry air increases with T, while µeff of moist air increases 
up to a maximum value, then decreases slightly as T increases at lower gas rarefaction 
(pa = 100,000 Pa) because µ of moist air increases up to a maximum value and then 
decreases slightly as T increases. Thus, the changes of the effective viscosity of moist 
air with the relative humidity (RH) and temperature (T) become more significantly in 
higher gas rarefaction, while its effect is very small in lower gas rarefaction. Thus, the 
variations of effective viscosity of moist air with temperature and relative humidity in 
wide range of gas rarefaction are very useful for a designer to optimize the Q-factors 
of MEMS cantilever resonators in wide range of gas rarefaction (pa, ACs(�1, �2 )) and 
flexural mode of resonator.

3.2 � Influence of Temperature and Relative Humidity on Damping Factor (δSFD) , 
and Quality Factor (QSFD)

In Fig.  6, damping factor ( �SFD ) (real part of � ) and the Q-factor of SFD 
( QSFD = �0∕2�SFD ) in Eq. (22) are plotted as functions of T and RH at different gas 
rarefaction (pa = 100 Pa and 100,000 Pa) conditions. In Fig. 6a, the results showed that 
�SFD of dry air decreases slightly as T increases, whereas �SFD of moist air increases sig-
nificantly as T and RH increase because QP of moist air decreases significantly as T and 
RH increase at higher gas rarefaction (pa = 100 Pa). While, in Fig. 6b, �SFD increases 
and then decreases slightly as T and RH increase because μ of moist air increases and 
then decreases lightly as T and RH increase at lower gas rarefaction (pa = 100,000 Pa). 
In Fig. 6c, at higher gas rarefaction (pa = 100 Pa), the resultant Q-factor of SFD (QSFD) 
of dry air increases slightly with T, whereas QSFD of moist air decreases significantly 
as T and RH increase because �SFD of moist air increases significantly as T and RH 
increase at lower gas rarefaction (pa = 100  Pa). Also, in Fig.  6d, QSFD of moist air 
decreases and then increases slightly as T and RH increase because �SFD increases and 
then decreases slightly as T and RH increase at lower gas rarefaction (pa = 100,000 Pa). 
Thus, the obtained results can be useful to explain the influences of moisture and tem-
perature on the quality factor of SFD (QSFD), total quality factor (QT), and Weighting of 
SFD (WtSFD(%)) of MEMS cantilever beam resonator in wide range of gas rarefaction 
(pa, ACs(�1, �2 )) and flexural mode of resonator. 
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(a)

(b)

Fig. 5   Effective viscosity ( �eff  ) of moist air versus ambient temperature (T) for different relative humidity 
(RH) at a higher gas rarefaction (pa = 100 Pa), b lower gas rarefaction (pa = 100,000 Pa)

Content courtesy of Springer Nature, terms of use apply. Rights reserved.
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(a)

(b)

Fig. 6   a Damping factor of SFD (δSFD) at higher gas rarefaction (pa = 100 Pa), b damping factor of SFD 
(δSFD) at lower gas rarefaction (pa = 100,000  Pa), c Q-factor of SFD (QSFD) at higher gas rarefaction 
(pa = 100 Pa), d Q-factor of SFD (QSFD) at lower gas rarefaction (pa = 100,000 Pa) versus ambient tem-
perature (T) for different relative humidity (RH)
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(c)

(d)

Fig. 6   (continued)
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3.3 � Influence of Temperature and Relative Humidity on Quality Factor QSFD , QT, 
and WtSFD(%)

In Fig. 7, ratio of Q-factor of moist air and dry air (QSFD_moist /QSFD_dry) is discussed 
as functions of temperature (T) and relative humidity (RH) in wide range of gas rar-
efaction (pa, ACs(α1 = α2)) conditions. In Fig. 7a, QSFD_moist /QSFD_dry is plotted with 
T and RH in various gas rarefaction (pa) conditions. The results showed that ratio of 
QSFD_moist /QSFD_dry decreases significantly as T and RH increase because QSFD_moist 
decreases significantly as T and RH increase at higher gas rarefaction (pa = 100 Pa, 
1000 Pa, 10,000 Pa). Whereas, ratio of QSFD_moist /QSFD_dry increases slightly as T 
and RH increase because QSFD_moist increases slightly as T and RH increase at lower 
gas rarefaction (pa = 100,000 Pa). Also, influences of temperature (T) and relative 
humidity (RH) on ratio of QSFD_moist /QSFD_dry become significantly at higher gas 
rarefaction (lower pa) conditions. In Fig. 7b, QSFD_moist /QSFD_dry is plotted with T in 
various gas rarefaction (pa, and ACs (α1 = α2)) conditions. The results showed that 
QSFD_moist /QSFD_dry decreases more considerably as T increases and ACs (α1 = α2) 
decrease at higher gas rarefaction (pa = 100  Pa, 1000  Pa, 10,000  Pa). Whereas, 
QSFD_moist /QSFD_dry increases slightly with T and ACs (α1 = α2) increase at lower gas 
rarefaction (pa = 100,000 Pa). Thus, influence of moisture and temperature on ratio 
of QSFD_moist /QSFD_dry becomes significantly at higher gas rarefaction (lower pa and 
ACs(�1 = �2)), while this influence reduces in lower gas rarefaction (higher pa and 
ACs(�1 = �2 )) conditions.

In Fig. 8, ratio of QSFD_moist /QSFD_dry and QT_moist /QT_dry is calculated as functions 
of temperature (T) for different flexural modes of resonator at higher gas rarefaction 
(pa = 100 Pa). In Fig. 8a, the results showed that QSFD_moist /QSFD_dry decreases as T 
increases for different flexural modes of resonator. Variations of QSFD_moist /QSFD_dry 
with T are unchanged for different flexural modes of resonator. In Fig. 8b, the total 
Q-factor (QT) is calculated by Eq. (23) by the contributions of Q-factor of SFD, TED 
(Fig. 10 in Appendix A) and support loss (Table 2 in Appendix B), respectively. The 
ratio of total Q-factor of moist air and dry air (QT_moist /QT_dry) is plotted as functions 
of temperature (T) for different flexural modes of resonator at higher gas rarefaction 
(pa = 100 Pa). The results showed that QT_moist /QT_dry decreases significantly with T 
for various flexural modes of resonator because QSFD of moist air (Fig. 6) and QTED 
(Fig. 10) decrease as T increases. Also, QT_moist /QT_dry decreases more significantly 
with T at lower flexural modes of resonator because SFD is dominant at lower flex-
ural mode of resonator conditions (QSFD of moist air decreases with T more sig-
nificantly than that of Qint as the mode decreases). While QT_moist /QT_dry changes 
slightly with T at higher flexural mode of the resonator because the TED and sup-
port loss increase and become dominant at higher flexural mode of the resonator 
(QTED and Qanch decrease as the mode increases). Thus, QT_moist /QT_dry decreases 
with T more significantly at lower modes of resonator, while this variation becomes 
slightly at higher modes of resonator. The quality factor of MEMS cantilever beam 
resonators becomes very sensitive to changes in moisture and temperature at higher 
gas rarefaction and lower flexural mode of resonator.

In Fig. 9, Weighting of SFD (WtSFD(%)) in Eq. (24) is introduced to investigate 
the combined effects of relative humidity (RH) and temperature (T) on the dynamic 
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(a)

(b)

Fig. 7   Ratio of QSFD_moist /QSFD_dry versus temperature (T) for different a Relative humidity (RH), b 
Accommodation coefficients, ACs (α1 = α2) under various gas rarefaction conditions
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(a)

(b)

Fig. 8   a Ratio of QSFD_moist /QSFD_dry, b ratio of QT_moist /QT_dry versus temperature (T) for various flex-
ural mode of resonator conditions
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Fig. 9   Weighting of SFD (WtSFD(%)) versus temperature (T) and relative humidity (RH) with different 
mode of resonator for different gas rarefaction of a ACs(1.0,1.0), b ACs(0.2,0.2)
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performance of MEMS cantilever beam resonators in wide range of gas rarefaction 
(ACs(�1, �2 )) and flexural mode of resonator. The results showed that WtSFD(%) 
increases as T and RH increase because SFD increases ((QSFD)−1 increases) as T 
and RH increase (the gas flow becomes more restricted as T and RH increase). Also, 
influences of T and RH on WtSFD(%) seem unchanged in the 1st mode of vibration 
in which the SFD is significantly and contribution of the SFD ((QSFD)−1) on total 
damping ((QT)−1) is very dominant. Whereas, influences of T and RH on WtSFD(%) 
become more significantly as flexural mode of resonator increases because the con-
tribution of SFD ((QSFD)−1) with T and RH reduces significantly, while the con-
tribution of TED ((QTED)−1) and support loss ((Qsup)−1) on total damping ((QT)−1) 
becomes more dominantly at higher flexural mode of resonators and higher gas rare-
faction (pa = 100 Pa). Furthermore, the influence of T and RH on WtSFD(%) becomes 
more considerably in wide range of mode of resonator as the gas rarefaction 
increases from ACs(1.0,1.0) (Fig. 9a) to ACs(0.2,0.2) (Fig. 9b). Thus, the influence 
of moisture and temperature on WtSFD(%) is neglected at the 1st mode of resonator, 
while this influence becomes more significantly at higher flexural mode of resonator 
and higher gas rarefaction (lower pa and ACs ( �1, �2)). Finally, influence of tempera-
ture (T) and relative humidity (RH) on QT of moist air becomes more significantly in 
higher gas rarefaction (lower pa, ACs(�1, �2 )) and lower flexural mode of resonator.

4 � Conclusions

In this study, the quality factor of SFD problem of MEMS cantilever beam reso-
nators is obtained by solving the MMGL equation (Eq. 1), equation of motion of 
micro-cantilever (Eq.  16), and their appropriate boundary conditions (Eqs.(17)-
(21)) in the eigen-value problem, simultaneously. The dynamic viscosity ( �(RH, 
T, p)) (Eqs.(13)-(15)) and Poiseuille flow rate, QP(D(RH, T, p), ACs(�1, �2 )) of 
moist air (Eq.  (3)) are utilized to modify the MMGL equation to consider the 
combined effects of moisture and temperature in gas rarefaction. The quality fac-
tors of internal structure damping problems (TED and support loss) of MEMS 
cantilever beam resonators are also taken into account. Thus, influence of envi-
ronmental effects such as moisture and temperature of moist air on the Q-factor 
(QSFD, QT), and WtSFD(%) of MEMS cantilever beam resonators is discussed in 
wide range environmental conditions of relative humidity (0%≤ RH ≤ 100%), 
temperature (200 K ≤ T ≤ 380 K), pressure ( 100 Pa ≤ pa ≤ 100, 000 Pa ), and ACs 
( 0.1 ≤ �1, �2 ≤ 1.0 ) conditions. Some remarkable outcomes are listed as below.

a.	 The Q-factor increases considerably as temperature (T) and relative humidity 
(RH) decrease at higher gas rarefaction (lower pa, ACs(�1, �2 )) in the 1st mode of 
resonator.

b.	 Influence of environmental effect such as moisture and temperature on the Q-fac-
tor becomes more significantly in higher gas rarefaction and lower flexural mode 
of resonator. While, this effect on the Q-factor reduces considerably in lower 
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gas rarefaction (higher pa, ACs(�1, �2 )) and higher flexural mode of resonator. 
These obtained results can be used to design high sensitivity of MEMS sensors 
for temperature, and moisture sensing applications based on the cantilever beam 
structure operating in wide range of gas rarefaction ( p, ACs(�1, �2 )) and flexural 
mode of resonator.

Acknowledgments  This research was supported by the Institute for Computational Science and Tech-
nology (ICST), Contract Number: 08/2019/HĐ-KHCNTT in October 24th, 2019 and series number: 
082019-311.

Appendix A

In Fig. 10, the Q factor of TED (QTED) is calculated as function of temperature (T) 
for various flexural modes of cantilever beam resonator. The result showed that QTED 
decreases as T increases for different modes of resonator. Also, QTED decreases more 
significantly as flexural modes of resonator increases because the TED increases 
with T and becomes dominantly in higher flexural mode of resonator. The calculated 
results of QTED from the present LR model [11] (Eq. 15 in [35]) showed good agree-
ment with those obtained results from the Zener models [19, 20] (Eq. 14 in [35]), 
and those obtained results with COMSOL Multiphysics 5.5 [55] (Sect. "Quality Fac-
tors of MEMS Cantilever Beam Resonators" in [35]) in wide range of temperatures 

Fig. 10   The Q-factor of TED (QTED) versus temperature (T) for different flexural mode of resonator
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and resonator modes. Thus, the obtained results of QTED from the LR model, which 
are used in the present analysis, can be applied to calculate the total Q factor (QT) of 
MEMS cantilever beam resonators in wide range of temperature and flexural mode 
of resonator.

 

Appendix B

In Table 2, Qsup is calculated by the model of Hao et al. [23] (Eq. 18 in [35]) for vari-
ous flexural mode of MEMS cantilever beam resonator. The validation of this model 
has been proved by the assumption that the width of cantilever beam ( wp ) is much 
less than the transverse elastic wavelength ( �T ) ( 𝜆T∕wp >> 1 ). The result showed 
that Qsup decreases significantly as the mode of resonator increases because the sup-
port loss becomes a dominant source of energy loss on MEMS resonators in higher 
flexural mode of resonator. Thus, the results of Qsup can be used to calculate the total 
Q-factor ( QT ) of MEMS cantilever beam resonator in wide range of flexural mode of 
resonator conditions.

Table 2   The quality factor of support loss ( Q
sup

 ) for various flexural mode of MEMS cantilever beam 
resonator

Flex-
ural 
mode

Mode Shape Resonant freq. fn [Hz] �T CF(n)
𝜆T

wp

>> 1 Q
sup

1st 39,543 0.118 2.081 5366.28 1,394,107

2nd 247,675 0.0189 0.173 856.78 115,896

3rd 693,074 0.00674 0.064 306.18 42,875

4th 1,357,134 0.00344 0.033 156.36 22,107

5th 2,241,420 0.00208 0.020 94.67 13,398

6th 3,344,642 0.00139 0.013 63.45 8,708

7th 4,665,292 0.00100 0.009 45.49 6,029

8th 6,201,410 7.53e-4 0.007 34.22 4,689
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